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1GFSR(Generalized Feedback Shift Register) $\grave{/}\#\backslash$
2 0,1 $\{a_{0}, a_{1}, \cdots\}$ 2 , (maximum-
length linear feedback shift register sequence, m- ) .
(i) $P$ : $a_{i}=h_{1}a_{i1}-+h_{2}a_{i-2}+\cdots+h_{p}a_{i-p}$ mod 2,
$h_{p}=1,$ $h_{k}$ $0$ 1 $(1 \leq k\leq p-1),$ $i=p,p+1,$ $\cdots$ .
(ii) $a_{0},$ $a_{1},$ $\cdots,$ $a_{p-1}$ $0$ , $2^{p}-1$ .
2 $\{a_{i}\}$ $m$- (i) $x^{p}+h_{p-1^{X}}p-1+$
. . . +1 $\mathrm{G}\mathrm{F}(2)$ .
GFSR , $a_{i}$ word vector vector




randomness 3 , , (a) $0$ 1 balance, (b)
, (c) two-leveled auto-correlation, . , 2 m-
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$\mathrm{G}\mathrm{F}(2)$ ,
3 , Lewis and Payne [6] algorithm .
TLP , ( )
, , .
TLP , , $\mathrm{r}\mathrm{e}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}$
. , , 3 $m$- $0$.
, 1
, TLP most significant bit .
, 2 tuple , , $.\epsilon \mathrm{f}.\cdot\supset.\text{ }$
, . .
, .
$\{a_{i}\}--a_{0},$ $a1,a2,$ $..,$ $a_{N-1}$ (1)
$0$ 1 $N$ m- ,
$g(X)=X^{\mathrm{p}}+X^{q}+1$ , (2)
$p>2q1$ , (1) $GF(2)$ ( 3 ) 2. , m-
(1) $P=2^{p}-1$ , :
$a_{n+p}+a_{n+q}+a_{n}=0$ mod 2. (.3)
, $A_{n,M}$ (1) $\mathrm{n}$ $M$-tuple : $A_{n,M}=\{a_{n}, a_{n+}1, .., a_{n+}M-1\}$ ,
$w(A_{n,M})$ $M$-tuple we ight, 1 : $\sum_{k=}^{M-1}\mathrm{o}an+k$ , $n+k$
.
, $m$- 2 , 2 (p1) (p2)
.
(p1) $W$ $M$-tuple , W
:
Prob$(W=k)=Bi \psi,1/2=(\frac{1}{2} )M$ . (4)
,
(p2) 2 $M$-tuple .
:
[ $\mathrm{A}$ ] ( , $\mathrm{G}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{m}\mathrm{b}[2],$ $\mathrm{p}\mathrm{P}^{4344}.-$ ) $2^{p}-1$ $m$- ,
$M$ bit pattern 1 , $0$ pattern $2^{p-M}-1$ ,
pattern $2^{p-M}$ , $1\leq M\leq P$ .
$1q>P/2$ :(2) 3 $X^{\mathrm{p}}\cdot g(1/X)$ , 2
. ....
2 p $89\leq P\leq 1279$ Mersenne ( $\mathrm{Z}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{r}[7]$, Bright and $\mathrm{E}\mathrm{n}\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{n}[1]$
)
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, , $M\leq p$ ,
. , (p2)
: $M\geq P$ (1) $\mathrm{N}$ , M-tuples:
$A_{\mathit{0},M},$ $A_{M,M},$ $..,$ $A(N-1)M,M$ . (4)
, .
2 – , , , ,
, skewness 3 moment 3. , 2 $P^{-\mathrm{t}\mathrm{u}}\mathrm{P}\mathrm{l}\mathrm{e}$
uniform .
3 $\mathrm{P}$-tuple
, , $M=p$ .
[ $\mathrm{B}$ ] $f(r)$ $w(A_{n,p})=r$ $w(A_{n+p,p})$ . , $r\in[1:p]$ .
,
$f(r)= \frac{r}{(p-1)(p-2)}\{4\lambda r^{2} - 2((1+2\lambda)p - 2(1-\lambda))r+(2+\lambda)p^{2}-(4-\lambda)p+2\lambda\}$, (5)
, $\lambda=q/p(0<\lambda<1/2)$ .
[ ] C . , $T$ :
$P$-tuple $A_{n,p}$ . (3) , .
$A_{n+p,p}=T\cdot A_{n,p}$ mod 2, (6)
, $T$ $(p\mathrm{x}_{P})$ .
$T=$
4 $t$ $(t\geq 3)$ weight transfer function
$[\mathrm{G}\mathrm{F}(2)]^{p}$ 2 vector :




$\mathrm{x}=(x_{\mathit{0}}, x_{1}, \cdots, X)p-1\cdot$
.
$0$ 1. t $\mathrm{x}$ :
$p-1$
$\mathrm{t}\cdot \mathrm{x}=\sum_{i=0}$ tixi mod 2.
, vector a ( 1 $\text{ }$ ). $w(\mathrm{a})$ . , .
[ $\mathrm{C}$ ] ([3] ) $w(\mathrm{t})=\nu$ , $w(\mathrm{x})=r,$ $1\leq\nu\leq p,$ $1\leq r\leq p$ , $\mathrm{x}$ , weight $r$
bit pattern random vector . ,
t. $\mathrm{x}$ $\mathrm{E}(\mathrm{t}\cdot \mathrm{x})$ 4.
$\mathrm{E}(\mathrm{t}\cdot \mathrm{x})=\frac{1}{\prod_{k=0}^{\nu-1}(p-k)}\sum_{l=1,3,5,\leq\nu}\ldots\{=\prod_{k0}^{\iota_{-}1}(r-k)\mathrm{I}\{^{\nu-\iota-}=\prod_{k0}^{1}(p-r-k)\}$
$= \frac{1}{(\begin{array}{l}pr\end{array})}3,\sum_{\iota=1,5,\leq\nu}\cdots$ .
, $\prod_{k=0}^{*}$ , $*<0$ , 1 .
[ 1] $w(\mathrm{x})=r$ , $x$ , 1 $r/p$
. , $\nu=2,3$ , – .
i) $\nu=2$ .
$\mathrm{t}$ , 1 $t_{i_{1}},$ $t_{i_{2}}$ .
$x_{i_{1}}$ $x_{i_{2}}$ 1 $\frac{r}{p}\mathrm{a}_{\frac{-r}{-1}}p$ . $\text{ }\mathrm{E}(\mathrm{t}\cdot \mathrm{X})$ .
ii) $\nu=3$ .
$\mathrm{t}$ , 1 $t_{i_{1}},$ $t_{i_{2}},$ $t_{i_{3}}$ .
$x_{i_{1}},$ $xi_{2},$ $xi_{3}$ , 1 $\frac{r}{p}\frac{p-r}{p-1}\frac{p-r-1}{p-2}$ .
$x_{i_{1}},$ $xi_{2},$ $xi_{3}$ 3 1 $\frac{r}{p}\frac{r-1}{p-1}\frac{r-2}{p-2}$ . E(t $bfx$ ) .
iii) $\nu=\nu$ , : $\mathrm{t}$ , 1
$t_{i_{1}},$ $t_{i_{2}},$ $\cdots,$ $t_{i_{\nu}}$ .
$x_{i_{1}},$ $x_{i_{2}},$ $\cdots,x_{i_{\nu}}$ , 1
$\frac{r}{p}\frac{p-r}{p-1}\frac{p-r-1}{p-2}\ldots\frac{p-r-(\nu-2)}{p-(\nu-1)}$ .






$x_{i_{1}},$ $x_{i_{2}},$ $\cdots,$ $x_{i_{\nu}}$
$l$ (odd, $\leq\nu$ ) 1
$\cdot\frac{r}{p}\frac{r-1}{p-1}\ldots\frac{r-(l-1)}{p-(l-1)}\frac{p-r}{p-l}\frac{p-r-1}{p-l-1}\ldots\frac{p-r-(_{\mathcal{U}}-^{\iota-1})}{p-(\nu-1)}$
$= \frac{1}{\prod_{k=\mathrm{o}(-k}^{\mathcal{U}-}1p)}\prod_{k=0}^{\iota_{-}1}(r-k)\nu k=-\iota_{-}\prod_{0}^{1}(p-r-k)$ .
. $\mathrm{E}(\mathrm{t}\cdot \mathrm{x})$ $l=1,3,5,$ $\cdots\leq\nu$ .
( )
[ ] $t$ , 1 $t_{i_{1}},$ $t_{i_{2}},$ $\cdots,t_{i_{\nu}}$ .
$\nu$ bit , 1 bit
, $l\leq\nu$ . $(p-\nu)$ bit , ( $r$ –l 1 ) $r-l$ bit
bit
( )
, $\mathrm{E}(t\cdot \mathrm{x})$ ( $p$ fix ) $r,$ $\nu$ ,
$h_{p}(r, \nu)=\mathrm{E}(\mathrm{t}\cdot \mathrm{x})$
. , :
[ 1] $p,$ $r,$ $\nu$ , $1\leq\nu\leq P,$ $1\leq r\leq P$ , $h_{p}(r,\nu)=h_{p}(\nu, r)$ .
[ ] ;
$h_{p}(r, \nu)=\frac{1}{p!}\sum_{\nu l=1,3,5,\leq}\ldots\frac{\nu(\nu-1)\cdots(\nu-^{\iota+}1)\cdot r(r-1)\cdots(r-\iota+1)\cdot(p-\nu)!(p-r)!}{(p-r-\nu+l)!l!}$ .
, $\sum$ \nu , . $\nu=r$ .
$\nu<r$





$\{$ . . . $\}$ .
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(1) $(p-\nu)!\geq 0$ , $(p-r)!\geq 0$ .
(2) $\nu(\nu-1)\cdots(\nu-l+1)$ $\nu-l<0$ $\nu-l+1<1$ . $\nu(\nu-1)\cdots(\nu-$
$l+1)=0$ .
(3) $(p-r-\nu+l)!$ $\nu-l<0$ $p-r-(\nu-l)>p-r>0$ .
$(p-r-\nu+l)!>0$ .
\Sigma v $<l\leq r,$ $\iota:\mathrm{o}\mathrm{d}\mathrm{d}\{\cdots\}=0$ . $\nu>r$ .
( )
$h_{p}(r, \nu)$ , H 1 $P$ , ,
, $r$ . , $(-1/2,1/2)$
, $h_{p}(r, \mathcal{U})$ :
$y_{p}(x, \nu)=hp((X+\frac{1}{2})p, \nu)-\frac{1}{2}$ .
,
$y_{p}(X, \mathcal{U})=\frac{1}{\prod_{k=}^{\nu-1}\mathrm{o}(p-k)}[_{\iota=1},3,\sum 5,\cdots\leq vf-\{(\frac{1}{2}+x)p-k\}^{\mathcal{U}-}\prod_{=}\{-1(\prod_{k=0k0}^{1}\frac{1}{2}-X)p-k\}]l-\frac{1}{2}$ .
, .
[ 2] $y_{p}(x, \nu)$ , ( $\nu:\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}$ ), ( ) .
[ ] ( $\mathrm{K}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{h}[4],$ $\mathrm{P}^{5}8.$ ) :
$\sum_{l=0,1,2\cdot\cdot\nu},\cdot=$ . (7)
$z_{P}(x, \nu)=yp(x, \nu)+1/2$ . \nu --1 $=l’$ ,
$=$ , $\prod_{k=0}^{l-1}=\nu-\iota\prod_{k=0}’-1$ , $\nu-\iota-k=\prod_{0}^{1}=l’-1k=0\prod$
, $(\mathrm{i}),(\mathrm{i}\mathrm{i})$ :
(i) $\nu$ :even , $l=1,3,5,$ $\cdots,$ $\nu-1$ $l’=\nu-1,$ $\nu-3,$ $\cdots,$ $1$ .
$z_{p}(-x, \nu)=z_{P}(X, \nu)$ , $y_{p}(-x, \nu)=y_{p}(x, \nu)$ .





. , \nu , $\nu+1$ $x$ 1
, 1 . (7) , $-1/2\leq x\leq 1/2$ $r(0\leq$
$r/p\leq 1)$ $p+1$ : $r=0,1,2,$ $\mathrm{d}ots,P$ .
, $p+1\geq\nu+1$ .
( )
, $y_{p}(x, \nu)$ ,
.
[ $\mathrm{D}$ ] $0<p,$ $\nu$ $x$ , .
$y_{p}(x, \nu+1)+\frac{2px}{p-\nu}\cdot yp(x, \nu)+\frac{\nu}{p-\nu}\cdot y_{p}(x, \nu-1)=0$ ,
$y_{\mathrm{p}}(X, 1)=x$ , $y_{p}(x, 0)=1/2$ .
[ ] $y_{p}$ , $h_{p}$ ,




$0$ . , $l$ $0\leq l\leq P$
. ( $l$ : odd . )








$r$ $r+1$ , $l$
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$(p-r+1)$ $=$ $(p-r+1) \iota.\cdot \mathrm{o}\mathrm{d}\mathrm{d}\sum\{+\}$





. $A:=p-r+1,$ $B:=\nu-l$ , $p,$ $l$
.
( )
, $h_{p}(x, \nu)$ $f\text{ }y_{p}(X, \nu)$ . ,
$y_{p}(0, \nu+1)=-\frac{\nu}{p-\nu}y_{\mathrm{p}}(\mathrm{o}, \nu-1)$
. \nu $0$ , $0$ ,
\nu p/2 (
1 ). , $x$ O , $\langle$ ,
\nu $p/2$ $|y_{p}(x, \nu)|$ .
$\nu=1,2,3,4,5,6$ , $h_{p}(r, \nu)$ .
$h_{p}(r, 1)=r/p$,
$h_{p}(r, 2)= \frac{2r(p-r)}{p(p-1)}$ ,








, $\nu=1,2,3,4,5,6$ , $y_{p}(x, \nu)$ .
$y_{p}(X, 1)=X$ ,
$y_{p}(x, 2)= \frac{1-4px^{2}}{2(p-1)}$ ,
$y_{p}(x, 3)= \frac{x(4p^{22}X-3p+2)}{(p-1)(p-2)}$ ,
$y_{p}(_{X,4})=- \frac{16p^{3_{X}4}-8(3p-4)pX^{2}+3p-6}{2(p-1)(p-2)(p-3)}$ ,
$y_{p}(X, 5)= \frac{x(16p^{4}x-440(p-2)px+15p^{2}-50p22+24)}{(p-1)(p-2)(p-3)(p-4)}$ ,
$y_{p}(x, 6)=- \frac{64p^{5_{X}6}-80(3p-8)pX+344(45p-2210p+184)px^{2}-15p^{2}+9\mathrm{o}p-120}{2(p-1)(p-2)(p-3)(p-4)(p-5)}$ .
$y_{p}(x, \nu)$ Fig. $4\mathrm{A}$ .
Fig. $4\mathrm{A}$ Behavior of expected inner product of
two random vectors on $\mathrm{G}\mathrm{F}(2):y_{p}(x, \nu)$ .
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graph , [ $\mathrm{D}$ ] , $p,$ $\nu$ , r
$p/2$ $h_{p}(r, \nu)$ – , \nu p/2
( 1/2) . , \parallel \nu p/2
. , $|h_{p}(r, \nu)-1/2|$ \nu .
$(P=31,$ $r=9)$ TABLE $4\mathrm{A}$ .
TABLE $4\mathrm{A}$
Numerical evaluation of $h_{p}(r, \nu)-1/2$
$p=31$ , $r=9$
[ B] – . $p$-tuple $\mathrm{X}$ ( ) weight $r$ ,
, $w(\mathrm{X})=r(1\leq r\leq p)$ , $(T_{t})_{k*}$ (T k ) weight \nu , $(0\leq\nu\leq.p)$ . .
$\text{ }\sum lp=1(T_{i})_{k}\iota\cdot(\mathrm{X})\iota$ weight $h_{p}(r, \nu)$ . .
, (6) $T$ , 3 ,
, weight transfer function: (5) , , $f(r)=(p-q)h_{p}(r, 2)+qh(pr, 3)$
. , 3 , $\nu=2$ $t$ $(p-q)$ , $\nu=3$ $\mathrm{t}$ l)’q ,
$\nu\geq 4$ $t$ . , Fig. $4\mathrm{A}$ \nu =2 graph
, (graph ) $\nu=3$ , .
$T_{t}(t\geq 5)$ , , $p,$ $q_{1},$ $q_{2},$ $\cdots$ –
. 5 Fig. $4\mathrm{B}$ 5.
, $0$ , 1 , $T_{5}$ 3 , , ( )
weight, weight . $\mathrm{c}$ histogram , weight ,
% 1 . $\mathrm{r}$ . (12%)
(20%) , ,
.
2 weight transfer function TABLE $4\mathrm{B}$ . TABLE
$r$ , 2 Fig. $4\mathrm{B}$ , 3 .
, 2 , $p=61$ ,
$(18h_{p}(r, 4)+17h_{\mathrm{p}}(r, 7)+h_{p}(r, 8)+7h_{p}(r, 10)+11h_{p}(r, 11)+7h_{p}(r, 13))/p-1/2$
5 , 5 Kurita and $\mathrm{M}\mathrm{a}\mathrm{t}_{\mathrm{S}\mathrm{u}\mathrm{m}}\circ \mathrm{t}\circ[5]$ .
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. 2 , 3 , 3 2 2
, $r=p/2$ $7\cross 10^{-5}$ . TABLE
, 3 $(x^{89}+x^{38}+1)$ ( $p=61$ 3 ). 89
, ( 50 ) .








7: 1 7: 17
8: 6 8: 1
9: 17
10: 12 10: 7























Fig. $4\mathrm{B}$ Example of transition matrix $T_{5}(61\cross 61)$ of
two primitive pentanomials: $(x^{61}+x^{43}\neq x^{26}+x^{14}+1)$ and $(x^{61}+x^{51}+x^{33}+x^{9}+1)$ ,
where $0$ means $0$ and $0$ means 1.
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TABLE $4\mathrm{B}$ Numerical evaluation of weight transfer function
corresponding to Fig. $4\mathrm{B}$ and primitive trinomial $(x^{89}+x^{38}+1)$ .
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5 : 5 algorithm p
5 , $P$ , 5 1
50% 3 TABLE $4\mathrm{C}$ .
$\mathrm{T}\Delta$ Rr.F $4(^{\backslash }$
, 4 $p,$ $q_{3},$ $q_{2},$ $q_{1}$ , weight $( \max)$ 5 ,
weight (mean) 6 , $(\sigma)$ 7 , , ,
1 (%) . , , $q_{3}$ p .
6 Fig $.4\mathrm{C}(\mathrm{a}),(\mathrm{b}),(\mathrm{C});(\mathrm{e}),(\mathrm{f}),(\mathrm{g})$ , pattern
5 $T_{5}$ Fig $.4\mathrm{C}(\mathrm{d})$ .
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Fig. $4\mathrm{C}(\mathrm{a}),(\mathrm{b})$ Example of transition matrix $T_{5}(61\cross 61)$ of
two primitive pentanomials $(x^{61}+x^{60}+x^{22}+x^{7}+1)$ and $(x^{61}+x^{59}+x^{34}+x^{3}+1)$ ,
where $0$ means $0$ and. means 1.
96
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Fig. $4\mathrm{C}(\mathrm{e})$ Example of transition matrix $T_{5}(89\cross 89)$ of
primitive pentanomial corresponding to TABLE $4\mathrm{C}$
$(x^{89}+x^{8}x1)\tau_{+X++}389$ ,
where $0$ means $0$ and. means 1.
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Fig. $4\mathrm{C}(\mathrm{f})$ Example of transition matrix $T_{5}(89\cross 89)$ of
primitive pentanomial corresponding to TABLE $4\mathrm{C}$
$(x^{89}+X^{8^{-}}+X+43X+\overline{l}1)$ ,
where $0$ means $0$ and. means 1.
99
Fig. $4\mathrm{C}(\mathrm{g})$ Example of transition matrix $T_{5}(89\cross 89)$ of
primitive pentanomial corresponding to TABLE $4\mathrm{C}$
$(x^{89}+X^{88}+X^{45}+X+129)$ ,
where $0$ means $0$ and. means 1.
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5:
(i) 2 , 3 $m$
. . ,
$w_{k}$ $w_{k+1}$ . , 3 $m$ $0$ ,
$0$ TLP most significant bit .
(ii) 3 , , $P$ , O
$p/2$ . , 1 :
$p=$ 1279, $q=418$ .
(iii) , $(t>3)$ , weight p/2
, , 3 . , weight
weight .
(iv) size $p$ , weight $r$ random vector \nu (mod 2) 1
$h_{p}(r, \nu)$ . , \nu P/2
. $\tau_{t}(T\geq 5)$ weight $p$-tuple
weight , .
, GFSR .
5 (TABLE $4\mathrm{C}$ ).
[1] H. S. Bright and R. L. Enison. Quasi-random number sequences from a long-period tlp
generator with remarks on application to cryptography. Comput. Surv, $11(4):357^{-}370$ , Dec.
1979.
[2] S. W. Golomb. Shift Register Sequences, revised ed. Aegean Park Press, Laguna Hills, Calif.,
1982.
[3] H. F. Jordan and D. C. M. Wood. On the distribution of sums of successive bits of shift-
register sequences. IEEE Trans. Comput., $\mathrm{C}- 22(4):4\mathrm{o}\mathrm{o}-408$ , Apr. 1973.
[4] D. E. Knuth. The Art of Computer Programing, Vol.1, Fundamental Algorithms. Addison-
Wesley, Reading, Massachusetts, 1976.
[5] Y. Kurita and M. Matsumoto. Primitive $t$-nomials $(t=3,5)$ over $\mathrm{g}\mathrm{f}(2)$ whose degree is a
mersenne exponent $\leq 44497$ . Math. Comput., $56(194):817^{-821}$ , Apr. 1991.
[6] $\mathrm{T}.\mathrm{G}$ . Lewis and $\mathrm{W}.\mathrm{H}$ . Payne. Generalized feedback shift register pseudorandom number
algolithms. J. $ACM,$ $20(3):456^{-468}$ , Mar 1973.
101
[7] N. Zierler. Primitive trinomials whose degree is a mersenne exponent. Inform. Contr.,
15:67-69, 1969.
102
